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Abstract
Dynamic Epistemic Logic is a multi-modal logic for reasoning about the change of knowledge in multi-agent
systems. It extends epistemic logic by a modal operator for actions which announce logical formulas to other
agents. In Hilbert-style proof calculi for Dynamic Epistemic Logic modal action formulas are reduced to epistemic
logic, whereas current sequent calculi for Dynamic Epistemic Logic are labelled systems which internalise the
semantic accessibility relation of the modal operators as well as the accessibility relation underlying the semantics
of the actions. We present a novel cut-free ordinary sequent calculus, called G4p, 4[], for propositional Dynamic
Epistemic Logic. In contrast to the known sequent calculi, our calculus does not internalise the accessibility
relations, but — similar to Hilbert style proof calculi — action formulas are reduced to epistemic formulas. Since
no ordinary sequent calculus for full S5 modal logic is known, the proof rules for the knowledge operator and the
Boolean operators are those of an underlying S4 modal calculus. We show the soundness and completeness of
G4 p, 4] and prove also the admissibility of the cut-rule and of several other rules for introducing the action modality.

Keywords: Dynamic Epistemic Logic; Sequent Calculus; Cut Elimination

1 Introduction

Dynamic Epistemic Logic (DEL) is a framework for reasoning about the change of knowledge in multi-agent
systems. It is based on epistemic logic, a multi-modal logic in which the modal operators express the knowledge
and the belief of the agents. The main additional feature of DEL is the communication of epistemic information.
Using so-called (epistemic) actions, agents can send public, private, and semi-private announcements to one or
more agents. In the logic this is expressed by a modal operator [u] for epistemic actions u and formule of the form
[u]¥) with the meaning that always after executing the action u, the formula 1) holds. Public Announcement Logic
(PAL), a simplified variant of DEL, restricts actions to public announcements.

There exist several proof calculi for DEL and PAL. Sound and complete Hilbert-style axiomatisations are given
for PAL by Plaza [1, 2] and for DEL by Baltag, Moss, and Solecki [3] and Gerbrandy [4] (see [5] for an overview).
These proof systems are based on Hilbert calculi for epistemic logic and translate modal formulz of the form [u]t)
into pure epistemic logic formule without announcement actions. For PAL and DEL also tableaux and display
calculi have been developed (Balbiani et al. [6], Hansen [7], Aucher et al. [8], Frittella et al. [9], for a comparison with
other proof systems see Frittella et al. [10]). A first sequent calculus for DEL has been presented by Baltag et al. [11].
Actions enjoy a quantal structure; propositions, actions, and agents are resource-sensitive. The calculus is sound
and complete but does not admit the elimination of cuts. Dyckhoff and Sadrzadeh [12] refine this proof calculus to
a cut-free calculus. However, this calculus does not use ordinary sequents but more complex nested sequents.

This is similar to the situation in modal logic. Only for modal logic systems S4 or smaller, ordinary sequent
calculi are known which are sound, complete, and cut-free. For modal logic S5, such proof systems need global
side conditions (as in Braiiner [13] or extend the sequence format by additional structure such as hypersequents (see,
e. g., Poggiolesi [14]) and display systems (see, e. g., Dosen [15]); for an overview cf. Wansing [16] and Negri [17].
Labelled sequent systems internalise the Kripke semantics of modal logic into the syntax of the proof system.
Such calculi are ordinary sequent systems which not only contain modalities but also variables and the semantic



accessibility relation (see, e. g., Briinnler [18]). Negri [19] presents a general method for generating contraction-
and cut-free ordinary sequent calculi for a large family of normal modal logics. Her method has been applied by
several authors for constructing labelled cut-free sequent calculi for public announcement logic (see Maffezioli and
Negri [20], Negri [17], Balbiani et al. [21], Nomura et al. [22], and Balbiani and Galmiche [23]). The cut-free
sequent calculus of Nomura et al. [24, 25] for full DEL internalises the semantic accessibility relation of the modal
operators as well as the accessibility relation underlying the semantics of the actions.

We present a novel cut-free sequent calculus, called G4p 4[], for propositional Dynamic Epistemic Logic. In
contrast to the labelled sequent calculi, our calculus does not internalise the accessibility relations nor does it contain
labels, instead the rules for epistemic actions mirror the reduction rules of [5, 26]; these rules are invertible, but do
not enjoy the subterm property. As underlying modal system we choose an S4 calculus, since no ordinary sequent
calculus for full S5 modal logic is not known. We show the soundness and completeness of G4p 4[] and prove also
the admissibility of the cut-rule and of several rules for introducing the action modality. Neither for completeness
nor for the cut we apply the well-known translation of [5], instead we give direct proofs of the admissibility of cut
and of all axioms and rules of the Hilbert calculus for DS4p 4. Closely related to our work is the independently
developed labelled sequent calculus of Wu et al. [27] for PAL. Similar to our approach, the proof rules of [27]
follow the structure of the goal and reduce (PAL) formulas to basic epistemic logic formulas. But in contrast to us,
the semantic accessibility relation is internalised and the proofs of completeness and admissibility of cut use the
translation to epistemic logic.

The paper is organised as follows: In Sect. 2 we recap the basics of epistemic logic and present the sequent
calculus G4p 4 together with some derived rules and the main theorems for soundness, completeness, and
admissibility of cut. Section 3 contains the main results: We present the ordinary sequent calculus G4p 4[| for DEL,
show some derived rules including a particular kind of necessitation for dynamic modalities, and prove soundness
and completeness of G4p 4[] and the admissibility of cuts. Section 4 concludes with an outlook to future work.

Personal note. John, Martin, and Alexander have known each other for many years. Alexander met John for the
first time at the end of the 1990s in the Research Training Group “Logic in Computer Science”! when he was a PhD
student in the group and John a guest researcher. Martin and John had met much earlier, in 1975 at a garden party of
Martin’s doctoral supervisor Kurt Schiitte. The day after the party, John, Martin and the logician Peter Pappinghaus
drove together in Martin’s car to the “Colloque International de Logique” in Clermont-Ferrand. They became
good friends, though communication was difficult. Although each of the three spoke two languages, there was no
common language: John spoke English and French, Martin German and French, and Peter German and English.

About 10 years later, a close collaboration developed between John and Martin. John visited Martin regularly
in Passau and later in Munich, Martin was twice in Melbourne with John in the late 1990s. Together with their
students, they worked on two research topics, the development of constrained A-calculi and program extraction from
structured specifications. Four papers [28, 29, 30, 31] were written on the first topic, as well as the dissertations of
Luis Mandel [32] and Matthias Ho6lzl [33]. Luis and Matthias were also jointly supervised by Martin and John.
On the second topic, John and Martin wrote three papers [34, 35, 36] together with Hannes Peterreins and Iman
Poernomo, a doctoral student of John. An important part of the joint monograph [37] also deals with this topic. At
that time, Alexander worked on other topics including the semantics of Java [38] and formal approaches to mobile
systems [39] and object-oriented software development [40].

Working and discussing with John is a very pleasant experience. He is not only an outstanding scientist; he is also
a warm-hearted and kind friend and colleague. We are looking forward to many further inspiring exchanges with him.

2 Epistemic Logic

Propositional epistemic logic is a multi-modal logic. We briefly recall some basic definitions and results about
Gentzen type proof systems.

An epistemic signature (P, A) consists of a set P of propositions and a set A of agents. The set ®p 4 of
epistemic formulee ¢ over (P, A) is defined by the following grammar:

pu=p | false | o1 D2 | K,

where p € P and a € A. The epistemic formula K, ¢ is to be read as “agent a knows ¢”. The usual propositional
connectives can be added by defining —p = ¢ D false, p1 V 02 = (mp1) D 2, 1 A wa = =(p D —s), and
P14 92 = (1 D 92) A (02 D p1).

An epistemic (S4) structure K = (W, E, L) over (P, A) consists of a set W of worlds, an A-indexed family
E = (E, CW X W),ea of epistemic accessibility relations, and a labelling L: W — P(P) which determines
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(taut) propositional tautologies (K) K (1 D ¢2) D (K, 01 D K, p2)

(T Ky D 4 K, DK, Ky
D
(MP) Y1 $1 ©2 (GK) 2
2 Ko

Table 1: Hilbert-style axiomatisation of S4p 4

Ai
(p)p,F=>p,A
(Lfalse) ——
false,I' = A
I'= g1, A T =A = o, A
(L>) ¥1 P2 (RD)%
01 Do, = A ['= 1 Dy, A
JIT=A KT=
(L) -T2 (RK) o — 7
K, o, = A K,[,T' = K, p, A

Table 2: Modal Gentzen system G4 p 4 for epistemic logic S4p 4

I'=A OO, T = A A A
(Weak) ——— (Contr)
[0 = A, A I, = A, A
I'= A, T =A
(Cut) LA
I'=sA

Table 3: Structural rules and cut

for each world w € W the set of propositions valid in w. The accessibility relations of epistemic structures are
assumed to be reflexive and transitive (but not necessarily symmetric as in S5). For any a € A, (w,w’) € E,
models that agent a cannot distinguish the two worlds w and w’. An epistemic (S4) state over (P, A) is a pointed
epistemic structure £ = (K, w) where w € W determines an actual world.

For any epistemic signature (P, A) and epistemic structure K = (W, E, L) over (P, A) the satisfaction of an
epistemic formula ¢ € ®p 4 by K at a world w € W, written K, w = ¢, is inductively defined as follows for any
ac A peP,and p,p1,p2 € Pp 4:

KwEp < pec L(w)

K, w [~ false

KwkEpr Dps < K, wlpor K,wE ¢

K,wEK,p < Kw Epforallw € W with (w,w’) € E,

Hence, an agent a knows ¢ at world w if o holds in all worlds w’ which a cannot distinguish from w. For an
epistemic state & = (K, w) and for ¢ € ®p 4, R |= ¢ means K, w = ¢.

The epistemic logic S4p 4 consists of all epistemic formule ¢ € ®p 4 such that K, w = ¢ for all epistemic
structures K = (W, E, L) and all their states w € W. This logic can be axiomatised in a Hilbert-calculus by the
axioms and derivation rules of Tab. 1 (see, e. g., [5]) where axiom (T), called truth, reflects the reflexivity of the
accessibility relations and axiom (4), called positive introspection, their transitivity.

We use the modal Gentzen system G4p 4 in Tab. 2 for the epistemic logic S4p 4. Our system builds on
G3,.K for basic modal logic (Hakli and Negri [41]), and for the extension to S4 on the system S4* (Ohnishi and
Matsumoto [42]) and the system GS4 (Ono [43]). In our rules, ¢, 1, @2 range over the formulaz in ®p 4, p over
the propositions in P, a over the agents in A, and I', I, A, A’ over the multisets of formule in ®p 4. In particular,
T can be empty in (RK), i. e., this multiset can be dropped; then (RK) is a direct generalisation of (GK).

Lemma 1. All sequents of the form ¢,I' = A, ¢ are derivable in G4p 4.
Proof. By structural induction over ¢, see, e. g., [41]. O

The structural rules, see Tab. 3, of weakening and contraction are admissible, and so is cut.



'=p A o, I'=A

L-) ——— R—) 2 "~ —
( )ﬂ@aF:A ( )F=>—\<‘0,A
(L\/) (,01,F1>A (pg,F:>A (R\/) F:>g01,(p2,A
w1V, I'= A I'= o1V, A
(L/\) §01,(p2,F:>A (RA)F:>(,01,A F:>QDQ,A
o1 A2, I'= A I'= o1 A, A
(L) 01,02, ' = A T = 01,02, A (Re) 01, I = @2, A 02, T = 91, A
@1(—)@2,F:>A F:>(p1(—)g02,A
I'=K,p, A
(RT)i‘l@
I'=p A
K, K., I'= A =K, e, A
(LK) ~ele®” 7 2 (RK2) —— et 2
Koo, I'= A I'=K,K,¢, A
I'=
(LRK) L4

K, I, TV" = K, ¢, A’
Table 4: Additional rules for G4p 4

Lemma 2. (Weak) and (Contr) are height-preservingly admissible for G4p, 4.

Proof. By induction on the height of the derivation (as in, e. g., [44]). O
Theorem 1. (Cut) is admissible for G4p, .

Proof. Asin,e.g., [43]. O

Theorem 2. G4p 4 is sound and complete for S4, i. e., for any ¢ € ®p A, Fgap . = @ if, and only if, R |= p in
all epistemic S4 states 8 over (P, A).

Proof. For soundness, it suffices to check that each rule of G4p 4 is valid in S4p 4; for completeness, that each
axiom of the Hilbert-style axiomatisation in Tab. 1 is derivable in G4p 4 and that each rule is admissible. O

Table 4 contains derived rules for the other propositional connectives. Additionally, it shows admissible rules
for truth, (RT), and positive introspection, (LK?), and (RK?):

Lemma 3. Foralla € A, all ¢ € ®p 4, and all multisets I', A of formulee the following statements hold:

(a) Ifl_(;4P,A I'= Ka QO,A, then Fg4P7A I'= QO,A.
(b) Ifl—(;4P,A Ka Ka g@,r = A, then |_G4P,A Ka QO,F = A.
(c) IfFgap . I' = K, 0, A thentgap , I' = K, K, 0, A.

Proof. For all claims we proceed by induction over the derivation of the premiss and consider the last rule applied.
The cases (pA), (Lfalse), (LD), (RD) are immediate since neither K, ¢ in the succedent nor K, K, ¢ in the
antecedent is principal in these rules; the same holds for (a) and (c) with (LT), where K, ¢ is in the succedent.
(a) We only consider (RK). ThenI' = K, IV, T and K, p, A = K, ¢', A’ for some o’,I", T, ¢', A/, and
Fgap s Ky IV = ¢’  If K, is principal, i.e., K, ¢ = K, ¢ and A = A/, then -g4,, , I' = ¢, A follows from
weakening g4, , K, I = ¢. If K, ¢ is not principal, i.e., A = K, ¢', A”, then g4, , K, I, T = K, ¢/,
@, A" by applying (RK) with premiss K, IV = ¢’, thatis, g4, , ' = ¢, A.

(b) We only consider (LT) and (RK).

Case (LT): Then immediately kg4, , K, ¢, T = A.

Case (RK): Then K, K, ¢, I' = K, I",T" and A = K_, ¢, A’ for some a/,I",T", o', A’. If a = a/, then
Faap s KoKy o, K IV = ¢, thus Fgg, , K, 0, K, TV = ¢’ by the induction hypothesis, and hence ¢4, , K, ¢,
K, I/, T = K, ¢, A" using (RK). If a # d/, then Fgq, , K, IV = ¢’ and thus g4, , K, 0, K, T, T" =
K, ', A’ again by (RK).



(c) We only consider (RK). ThenI' = K_, IV, T and K, p, A = K, ¢, A’ for some o/, I",T",¢', A/, and
Faapa Ko I" = o', If K, @ is principal, i.e., K, ¢ = K, ¢" and A = A, then g4, , K, I = ¢, such that
Faap . K, I" = K, K, ¢ by applying (RK) twice, which yields g4, , I' = K, K, ¢, A by weakening. If K, ¢
is not principal, i.e., A = K, ', A” for some A", then g4, , K, I, T" = K, ¢, K, K, ¢, A’ by applying
(RK) with premiss K, I = ¢, thatis, g4, , T = K, K, p, A O

The asymmetric rule (RK) may be replaced by a more symmetric variant (LRK) if not only the truth rule (LT)
but also the positive introspection rule (LK?) is present:

Lemmad. Iftgy, , I' = @, thentgyp . K, T,T" = K, @, A’. Conversely, replace (RK) by (LRK) and call the
resulting system G4;3’A: Ifrga, , KT = ¢ thentgy, K, T, =K, p, A

Proof. In G4p 4 we have the following derivation to the left, for the converse direction using G4 4 the derivation
to the right, where (LT)* and (LK?)* mean an iterated rule application (including zero iterations):

T :> © . Ku F':> )
K, = ¢ (LT) (RK) K K, T, TV = K, o, A
K, I, IV = K, p, A K, I,IV = K, p, A

(LRK)
(LK?)*

3 Dynamic Epistemic Logic

We briefly summarise epistemic actions and dynamic epistemic logic following van Ditmarsch et al. [5]. Based on
this we present our calculus G4p 4[] and prove the admissibility of cut as well as its soundness and completeness.
An epistemic action structure U = (Q, F, pre) over (P, A) and some logical language £ consists of a finite set
of action points @), an A-indexed family of epistemic action accessibility relations F = (F, C Q X Q)qca,and a
precondition function pre: (Q — L. We assume that the accessibility relations are reflexive and transitive. For
any agent a, (¢,q’) € F, models that agent a cannot distinguish between occurrences of ¢ and ¢’. For g € Q, the
epistemic formula pre(q) determines a condition under which ¢ can happen. An epistemic action u = (U, q) over
(P, A) and L is given by the epistemic action structure U = (Q, F, pre) and a designated point g € Q.
\Ilglfi‘ where \I'gf)A are the dynamic
ngfzq where 11521)4

are the epistemic actions of depth n. The families (\Ilgfl‘)neN and (ilg%)neN are mutually recursively defined as

follows: \IJQ)A is just @ p 4 and the dynamic epistemic formula \I/gjl)

The set W p 4 of dynamic epistemic formule over (P, A) is defined as ( J,, oy

epistemic formulee of depth n; the set Up 4 of epistemic actions over (P, A) is defined as | J,,

are defined by the following grammar:

Yu=false | 1 Do | Koo | [uly
where u € L(g;flx; and uﬁ;ij comprises the epistemic actions over (P, A) and \Ifgfzq. The formula [u]¢) is to be read
as “the execution of the epistemic action u in the current epistemic state leads to an epistemic state where the
formula 1 holds”. In the following v (and its adorned variants) always ranges over ¥ p 4 and u over p 4.
The product update of an epistemic structure K = (W, E, L) over (P, A) and an epistemic action structure
U = (Q, F, pre) over (P, A) is the epistemic structure K <U = (W', E’, L") over (P, A) with

W' ={(w,q) e W x Q| K,w = pre(q)}
E, ={((w,q), (w',q¢)) e W x W' | (w,w') € E,, (q,¢') € F,} foralla € A,
L'(w,q) = L(w) for all (w,q) € W'.

The product update for epistemic structures is well-defined, since the relations E, are again reflexive and transitive.
E! reflects that the uncertainty of an agent a in a world (w, ¢) is determined by the uncertainty of a about world
w and its uncertainty about the occurrence of q. The product update of an epistemic state & and an epistemic
action u = (U, q) over (P, A) is defined by the epistemic state (K, w) < (U, q) = (K < U, (w, q)), provided that
K, w = pre(q). Note that all epistemic actions are deterministic.

Example 1. (see, e. g., [25]) Let P = {p} and A = {1,2}. For the current epistemic state assume that neither

agent 1 nor agent 2 know whether proposition p holds. This situation can be represented by & = (W, E, L), wp)
with W = {wq, w1}, By = W2 = Es, and L(wg) = {p}, L(w1) = 0, as depicted below:



0 gy M
1,2 ’ 1,2

(Both accessiblity relations are symmetric, as indicated by the arrows, but this is not required in S4). Now assume
that only 1 reads a letter telling that p, such that 1 consequently knows p, but 2 does not. This reading is modelled

by @ = ((Q, F,pre),p) with Q = {p,n}, Fi = {(p,p),(n,n)}, F» = Q> pre(p) = p, and pre(n) = —p,
graphically shown below:

P n

L2 p - 1,2

2

The epistemic state resulting from executing 0 in 8 depicted below, is R <0 = (W', E',L’), (wo, p)) with

W = {(U)Ovp)v(wlvn)}’ E{ = {((w()»p)v(w(%p))»((wlvn)v(wlﬂn))}’ Eé = W/Q’ L,(w()ap) = {p}’ and
L’(wl,n) = [Z)

(wo, p) ) (w1, n)
Indeed, in this epistemic state & <1 t0 agent 1 knows p. O

The syntactic composition Uy; Us of two epistemic action structures U; = (Q;, F;, pre;), 1 < i < 21is given by
(Q, F, pre) with
Q=01 xQ2,
Fo={((q1,92): (01, 92)) | (@1, ¢1) € Fra, (42,03) € Faa}
pre(q1,q2) = preg(qu) A [(Ur, q1)]prea(qe) -

The syntactic composition uy; ug of two epistemic actions w; = (U;, ¢;), 1 <14 < 2, is given by (Uy; Ua, (g1, ¢2))-
The syntactic composition of epistemic actions is associative up to isomorphism [5, Prop. 6.9], i. e., it holds for all
U, U, u3 € Up 4 that

(A1) s (ugsuz) = (ursuz);us

In the following we will identify isomorphic epistemic actions.

For an epistemic action u = ((Q, F, pre), q) we write Q(u) for Q, F(u), for {¢' | (¢,¢') € F,}, "ufor pre(q),
q(u) for ¢, and u - ¢’ for ((Q, F, pre),q’) whenever ¢ € Q. Itholds forall a € A, uy,us € Up 4, and ¢; € Q(u;),
1 <7 <2, that
(A2) F(ugsus)g = F(u1)q X Fuz)a
(A3) (u13u2) - (q1,92) = (w1 - qu); (u2 - g2)

(A4) “(ur3u2) = "W A ur]ue

The satisfaction of a dynamic epistemic formula v/ in an epistemic state K over the same epistemic signature

(P, A), written & = 1), extends the respective satisfaction of (pure) epistemic formula by

REuY < K= "u implies R<u =1

The dynamic epistemic logic DS4p 4 consists of all dynamic epistemic formule 1) € ¥p 4 such that & = ¢
for all epistemic states K. This logic can be axiomatised in a Hilbert-calculus by the axioms and derivation rules for
S4p 4, see Tab. 1, together with the reduction axioms in Tab. 5, where /\ abbreviates iterated conjunction.

(redp) [ulp < udp (redfalse) [u]false <» —"u
(redD) [u](¥1 D 2) > [ty O [u]ey (redK) [ulK, ¥ & "u D A py, Kol - qlv
(red[]) [ur][uz]tp < [ur; ua]ep

Table 5: Reduction axioms for DS4p 4

Our Gentzen-style calculus G4p 4[] for epistemic dynamic logic extends the epistemic rules in Tab. 2 with the
action rules in Tab. 6 where now I' and A always range over ¥ p 4. Table 7 comprises some additional rules: On
the one hand, the additional propositional connectives can be directly handled by corresponding derived rules; on
the other hand, some admissible rules for handling actions are offered (see Lem. 9 and Lem. 10).



' uA Ip=A u,I'=p A

(L[lp) Wp T = A (R[p) T = A
Llal = uA Rlfal u,'= A
(L{Jfalse) [u]false,T' = A (R[Jfatse) I' = [u]false, A
(L[]D) I'= [U]”(/}l, A [uhflg, I'=A (RHD) [u]wl,F = [u]d)Q, A
W1 Do), I'= A = [u(y1 D ¢e), A
(LHK) I'= u, A (Ka[u ' q,]w)q/EF(u)aaF = A (R[]K) ('uvr = Ka[u : q/]lﬁ, A)q’EF(u)a
UK, », T = A I'= K, v, A
[ul;ug]?ﬁ, I'=A I'= [ul;ug]z/}, A
oo [l T = A RID) TS [l A

Table 6: Modal Gentzen system G4 p 4[] for dynamic epistemic logic

= uA T'=uy A R ‘u, [uly, T = A
¢, T = A RI~ T2 ], A
(LIA) W, [y, T = A R]A) I'= [ul,A T'=[u}ts, A
[W](v1 Ap2), I = A [ = [u(¢1 Aa), A
wLIv) Wy, T'= A [ufs,T'= A R[]V I' = [u]y, [u]y, A
[u(yr Vi), I' = A I'= [u(y1 V), A
K e 2 (RK) L Reltivel v
a[ul][uQ]w’F = A r'= Ka[ulHuQ]wv A
I'=A
(LR[])

u, [u]D, T = [u]A, A
Table 7: Additional rules for G4p 4|

Example 2. Consider the reading action of ©0 as introduced in Ex. 1:

“P="P TpP,P=

—p, [t - n]p =
= [t0-n]-p
—p = [t0 - n]K; p,K{[tD - n]-p
= [t0-n]K{ p, [t - n]K; —p
= [0 - n](K; pV K; —p) :
p = Ky[rd - n](K; p VK, —p) p = Ky[v2 - pJ(K; p V K; —p)
= [0]Ky(Ky p V Ky —p)

The rank of a formula ¢ and an action u is inductively defined as follows (see [5, Def. 7.38]):

(RK)
(RK)

(RV)
(RK)

(RIK)

rk‘(falbe)

rk(p) =

k(Y1 D 1#2) = 1+ max{rk(y1), rk(¢2)}
rh(K,v) =1+ rk(v)

rk([u]y) = (4 + rk(u)) - rk()

rk(u) = max{rk("(u-q)) | ¢ € Q(u)}



It holds that rk([u]K, ¥) > rk([u]y), rk([u]y) > rk(u), rk([u]y) > rk(y), rk([u]K, ¥) > rk(K,[u - q]v) for

all ¢ € Q(u), and rk([uy|[uz]v) > rk([ur; uz)e)).
The following lemmata hold for all ¢y € ¥p 4, u,us,up € 4p 4, a € A, and ¥ p 4-multisets I" and A. We first
show that Lem. 1 generalising the axiom rule (pA) to arbitrary formule carries over from G4p 4.

Lemma 5. by, 1 ¥, T = A, 9.

Proof. We proceed by induction on the rank of 1. For 1) € ®p 4 the claim already holds in G4p 4 by Lem. 1. We
only consider ¢ = [u]p and ¢ = [u]K, ¢, the remaining cases are analogous.

Case 1) = [u]p: We have

‘LH. ‘LH.
‘u,I'=up A ‘upl'=pA
. (L{p)
u, ulp, T’ = p, A
< ®[p)
[ulp, " = [u]p,
Case ¢ = [u]K, ¢": We have
‘LH. ‘LH.
(0T = K ¥ lyert, (0K ¥y T = KV By,
(.u’ [u]Ka Ql}/’ I'= [u . q/]Ka 1/]/7 A)q/GF(u)a (R[]K)
WK, ¢/, T = [uK, ¢', A O
Also, Lem. 2 showing the admissibility of (Weak) and (Contr) carries over from G4p 4.
Lemma 6. (Weak) and (Contr) are height-preservingly admissible for G4p 4[]
Proof. By induction on the height of the derivation. O

Lemma 7. IfFG“P,A[] ‘u, T = [u]y, A, then FG“P,A[] T = [u]y, A.

Proof. We proceed by induction over the derivation of Fgq,, ,j 'u,I' = [u]¥), A and consider the last rule applied.
If therein [u]¢) is principal and ‘u is added in the antecedent — as in (R[]p), (R[]false), and (R[]K) —, then (Contr)
is applied. If, e. g., (R[]p) is the last rule, then ¢ = p and kg4, ,j ‘8, 'u,T" = p, A, and

W l=p Ao
2L=0 2 Rip)
T = [up,A P

If [u]¢) is principal, but ‘u is not added in the antecedent — as in (R[]D) and (R[][]) —, then the claim follows
directly from the induction hypothesis.

If [u]y is not principal and the rule for [u]¢) in the succedent adds "u to the antecedent, we first (from bottom to
top) duplicate [u]¢) in the succedent by (Contr), then apply the “box”-rule matching ¢ for adding "u, and finally
apply (Weak):

‘u, T = [u]y, A
u, 0, T = uy, A A
T = [u]3), [uly, A

= [u]y, A

(Weak)
(Contr)

If [u]e) is not principal and "u is not added to the antecedent by the “box”-rule matching ), then the claim follows
directly from the induction hypothesis. O

Lemma 8. All of the “box” rules in G4p [] are invertible, i. e.: if Fgap , WD, T = A, thent-gap, .y T' = u, A
and |_G4P,A[] I'p= A, &e.

Proof. Only a single rule applies to each possible form of [u]¢ in the antecedent and the succedent. O

We append ~! to a rule name when applying it invertedly. The rules (LK[][]) and (RK]][]) for treating sequential
composition of epistemic actions and repeated boxes equally are both admissible and invertible:



Lemma 9. (a) g4, o Ku[t15u2]0, T = Aif, and only if, Fgap ) Ko[ta][uz]y, T = A.
(b) Fgapap I = K, [ursu2]y, Adf, and only if, Fgap ,p T = K, [ua][u2]y), A

Proof. (a) The only applicable rule with K [u1; us]t) and K, [u1][us]t principal is (LT) where the claim follows
immediately by (L[][]) or (L[][])~*.

(b) Only (RK) shows K, [t1; u2]9) or K, [u1][u]4) principally. If the last rule for obtaining g4, ,j T' = K, [u1; u2]e),
A has been (RK), then I = K, I, I for some I, T, and Fg4,, ,j K, I = [u1;u2]t). We thus have

Ka "= [ul;ug]z/}
Ko I" = [w]uz]y
K, TV, T = K, [u1][uz]y, A

(YD)
(RK)

The reverse direction uses (R[][]) . O

We show that the rule (LR[]) is admissible. The rule always assumes the precondition of the contextual epistemic
action to hold; without this precondition, the rule would not apply to an empty succedent (see Lem. 7): The sequent
false = is derivable, but [ff]false = with "ff = false must not be.

Lemma 10. Ifga,, ,j I' = A, then tga, . u, [T, T = WA, A forall u, T, and A'.

Proof. We proceed by induction over the derivation of -gq4,, ,j I' = A and consider the last rule applied.
Case (pA): ThenT = p, TV and A = p, A’ for some p, I, A’. We have

:Lem. 5
u, u, [u]IY, T = u, u]ALAT uup, W, T = p, [u] A A

u,u, ulp, I, T = p, [u]A", A" R[p)

‘u, [ulp, W, T = [u]p, [u]A’, A"

(pA)
(L{lp)

Case (Lfalse): Then T’ = false, T for some I'V. We have

gLem. 5
u, IV, T = u, [u] A A
‘u, [ufalse, [u]IV, T = [u]A, A

(L[Jfalse)

Case (LD): ThenT' = 1)y D 1y, T" for some 1,42, IV, and Fgq,, ) TV = 11, A as well as Fgq,, ) Y2, T = A,
We have

‘LH. ‘LH.
u, [T T = [ufey, u]A AT u [ufdg, ]l T = [u]A, A/
u, [u]’llﬁl D) 'l/)z, [u]F’,F” = [u]A, A

(LI>)

Case (RD): Then A = 1)y D 1P, A/, for some 1,2, A, and Fgy,, ) Y1, T = 92, A’. We have

‘LH.
‘u, [ulehy, T, T = [u]hs, [u]A/ A
u, T, T = [ufth D o, WA, A

(R2)

Case (LT): ThenT' = K, ¢, I for some a, 1, 1", and t-g4,, ,j ¥, " = A. We have

‘LH.
‘u, [ujy, I, T = [u]A, A’ (LT)
‘Lem. 5 “u, K, [u], [TV, T = [u]A, A (Weak)
w, Ul T = u [u]AA u (K [u- ¢'T) grep.,, WY T = [u]A, A (LK)

u, [ulK, ¥, W, T = [u]A, A/

where the step (Weak) is possible since g(u) € F(u), by the reflexivity of F'(u) and ut - g(u) = u.



Case (RK): ThenI' = K, I, T" and A = K, ¢, A’ for some a, T, T4, A, and Fg4,, ,j K, T = 9. We have

LH.
.(u : q/)a ([u : q/]Ka I = [u ’ q/]w)q’EF(u)

’ / Lem. 7
(¢ TK T = [0 01) e g, e
(Kal(w- @) - ¢"I)greruya.grertegy, = a1 )q,eF(u)a
(Kyfut- @I ) grer ), (Contr)

‘Lem. 5 _ i (“f/‘j JwerW. (RK)

u, [u]F”,F’}’ = ('uv (Ko[u- ¢'IT) grepuy,, W, T = K, [u- ¢'lp, [u] A", A >q’eF(u)a .

u, [u]Ka W, [u] A7, A u, (Ka[u . q//]rl)q”eF(u)av WL, I = [ulK LU, WA, A7 K (R]IK)

w, WK, I, W7, T7 = K, o, W]A7, A7 (LK)

where ((u-¢') - q”)q,ep(u) P g = (u-¢')geF (), Up to contraction by transitivity and reflexivity.

Case (L[]p): Then I = [w']p, T for some u’,p, I, and t-g4,, , I = "', A as well as g4, .y I, p = A.

:LH.
5*0 u, [u]p, [u]l—v’ 1'—\// - [U}A, A/
u, I, T = (), A, A up, T T7 = [u]A, A (L]p)~*
u, [u; u/]p, [u]l“/’ T = [u]A, A/ (L[]p)
u, [u] [ ]p, [WT, T = [u]A, A/ (L

where the derivation g is

:Lem. 5 ‘LH.
u, I, T = u, u]AAT u, IV, T = u]w, [u]A A (RA)
u, I T = ('), [u]A, A

Case (R[]p): Then A = [u']p, A for some w’, p, A’, and ¢4, ,j ‘W', [ = p, A".

‘LH.
u, [u]u ! , [T, I'= = [ulp [u]AQA”
w, o ul ', [ull T = p, WA, A" (EHP)
u, (), ul, T = p, [u]A, A ;/\)
T, T = [u;u'lp, [u]A, A 1({ [Ip)
w T = [l a7 K00

Case (L[]false): Then I" = [u']false, I' for some v, ", and Fgq,, ,j I" = "w', A. We have

“xo
u, I, T = (w'), WA, A
‘u, [u; wlfalse, [u]TV, T = [u]A, A’
[ JTase, 7, 77 = ujs, & 00

(L[)false)

where the derivation g is as in (L[]p).
Case (R[|false): Analogous to (L[Jfalse).

Case (L[|D): Then I' = [w]iyy D oo, I for some ', 91,92, 1", and tgap o) I = [W]th1, A as well as
FGap ap [W]Y2, " = A. We have

‘LH. :LH.
u, I, T = [u][u]er, [u]A, A Sy ][], w1 T = [u]A A 1
T T T Ay RIDT e e s ng@)

u, [u; u’](d,l D) ¢2)’ [u]F’,F” N [u]A,A’ 5
u, [u] [u/]('l/)l D 1/)2)’ [u]F”I‘” = [u}A,A’ ( H H)

10



Case (R[]D): Analogous to (L[]D).
Case ( [[K): Then T' = [W]K,¢,I" for some v',a,,T", and Fgq, g T' = "/, A as well as Fgq,,
(KW - 1Y) g erwy,, I" = A. We have

u, [u]F’,F”=>':( W), u ]A AT (K () - Q”]w)q/fem;;u/)a,[UJF’,F”f/ ulA, A
U, [w WK, ¢, W, T = []A7A’( i
u, W WK, ¢, W7, T = u]A, A

(LK)

a

where the derivation x is as in the case of (L[|p) and and the derivation *; is

‘L.H.
(WK, [ - 1) grepuy, T, T = [u] A, AY LK)
u, (Ka[u : q] [u/ ' q/]w)QGF(u)a,q’GF(u’)a7 [U]F/, " = [u]A7 A’ 1
u, (Ko [(w ) - ") grepausury, » T, T = [u]A, A

Case (R[JK): Analogous to (L[]K).
Case (L[][]): Then T' = [u][uz]K, ¢, T" for some uy, uz, a,, and Fgq,, ) [11; u2]t), T = A. We have

‘L.H.
u, [ul[ug;ug, [u]f’,F” = [u]A, A/ B
u, [us (ug; u)], [TV, T = [u]A, A’ (L
“WWWM%MFW¢NMAA§)
u, [y Juge, [W T/, T = [u]A, A (L 110
“u, [u][ug [us], [T, T = [u]A, A/ o))
Case (R][): Analogous to (L[] ]

We finally show that (Cut) is admissible for G4p 4[]. First, we prove the admissibility of the cut rule for
independent contexts Iy, Ay and 'y, Ag:

Lemma 11. For any ¢ € Vp 4 and any multisets I'1, T2, A1, Ay of W p a-formule it holds that Fgap ,) I'1 =
Al, 77[} and FG“P,A[] d), Iy = Ag implies FG“P,A[] Fl, I's = Al, AQ.

Proof. We proceed by a double induction over the rank r%(¢)) of ¢ and the height of a deduction.

Case I: At least one of the sequents of the hypothesis of the claim is an axiom. A proof of the form

‘h
A .
P A MY pr oA,
p7F17F2:>A17A2

(Cut)

is transformed into

h
paFQ = A2
p, 1, Te = A, Ay

(Weak)

Case 2: The cut-formula is a side formula ). We only give some illustrative cases, the transformations for all the
other rules is analogous.

Case 2—(RK): Then

1
K, T/ =o' ‘h
/ / (RK) 2
KarvrliKawvAlvw 1/1,F2:>A2

Cut
K, I/, T1, Ty = K, ¢/, Ay, Ay (Cut)

11



is transformed into

"
K, TV = ¢/
a (U (RK)
Ka Fl> Flv F? = Ka w/a A17 A2
Case 2—-(RD): Then
zm
wlla]-—‘l :>¢57A1a’l/} (RD) h2
F1:>¢l13¢l27A17’(/} 1/}7F2:>A2

Cut
[, T = ¢ Dy, A, Ay (Cut)

is transformed into

{8 8
1/)17F1:w12aA17w T/J7F2:>A2
; - (Cut)
¢17F15F2:>w27A17A2 (RD)
[, Ty = 91 Dy, A, Ag
Case 2—(L[]K): Then
ghll §h12
= uALY (K u-¢1Y)gera., 't = A1 (LK) “ho
WK, ¢, 'y = Ay, P, Ty = Ay (Cut)
[u]KawlarlaFZ :>A17A2 4
is transformed into
hll hQ h12 hz
I'i=u,ALy 0,0y = Ay (Cut) (K- 1) geray., It = A1, ¥, Ty = Ay (Cut)
', T = u, A, Ay (Kol 1Y) grerya, T1, T2 = A1, Ag (LK)
WK, ¢, Ty, Ty = Ay, Ay
Case 3: In the sequents of both premisses the cut-formula 1) is principal.
Case 3-S4: as for G4p 4, see Thm. 1
Case 3—(L[]p)—(R[]p): Then
§h1 §h21 §h22
‘u, 'y = p, Ay Lo = u,Ay p,Ty = Ay
. R[p) (L{lp)
Iy = Aq,[ulp [ulp, Ty = Ay (Cut)
', Ty = A, Ay
is transformed into
Hh thoy .
‘i =p A1 Ta=u, Ay (Cut) thag
F17F2$A17A27p p7F2:>A2 (C t)
FlaFQaFQ:AlaA27A2 (C t) 4
',y = A1, Ay ontt
where rk('u) < rk(u) < rk([u]p) and rk(p) = 1 < rk([u]p).
Case 3—(L[]D)—(R[]D): Then
thy thay “hao
W, Ty = [ule, Aq Ty = W1, Ag [ulthe, Ty = Ay
(R[D) (L[>)

[y = Ay, [u](1 D ) [u](¥1 D ¥2), o = A
I',Te = A1, Ay

(Cut)

12



is transformed into

“hay thy
Lo = [uir, Ay Ty, ujtpr = Ay, [ulthy
', To = A, Ay, [ulthy
I',T9,Ts = Ay, As, Ay
',y = Ay, Ay

iz
[u]1pe, To = Ay

(Cut)

(Cut)

(Contr)

where rk("u) < rk(u) < rk([u](¢1 D ¥2)) = (d+rk(w))-(1+max{rk(y1), k(o) }) and rk ([u]vr), rk([u]ie) <
rk([u] (1 D 2)).
Case 3—(L[]K)—(R[]K): Then

§h1q' §h21 ;hzz
(u, Ty = K, [u-¢'Th, A1) gerw)., Fo=u,Ap (K Ju-¢'[Y)gerw)., 2= Az

Dy = Ar K, 0 (R DLV SR, 9
', o= Ay, Ay
is transformed into
thas
(Kol ¢'1)grcpuya, T2 = Az
Thag - (Contr), (Cut), b1y

. u, T = ALK u-galv (Kou- gi]v)ieqr,ey, w1, T2 = Ay, Ay (Cut)
thag Kolu-qi], u, Ty, u, T, Ta = Aq, Aq, As (Contr)

. u, Ty = Ay, Ky [ue gy Kolu- qi]w, u,T1,Te = Ay, Ag (Cut)

thoy u, Dy, u, T, Ty = A, AL, A

I :>.A2,'u ‘u, 11, T2 = Ay, Ay (Cont)
(Cut)

', T2, T2 = A1, Az, Ap
I',Ta = A1, Az

(Contr)

where the reasoning for h1, is iterated over all ¢ € F'(u), as exemplified for h1,, and hy4;. It holds that 7k ('u) <
rk(u) < rk([u]K,¥) = 4+ rk(w)) - (1 + rk(¢0)) and rk(K, [u- ¢'|¢) = 1+ (4 + rk(w)) - k() < rk([u]K, ¥).
Case 3~(L[][))=(R[][]): Then

" 1y
I = Ay, [ug;uglyp [ur;usleh, 'y = Ay
ro oy ey Y = a, (Y
I, T = Ar, Ay (Cut
is transformed into
" 1
L= Ay, [ugulyy [usugy, To = Ay Cut
', T = Ar, Ay (Cut
where 7k ([u1; u2]t)) < rk([ug][uz]v). U

By admissibility of (Contr), see Lem. 6, the admissibility of (Cut) is a direct consequence of Lem. 11:
Theorem 3. (Cut) is admissible for G4p 4.
Proof. We obtain kg4, , I' = A from gy, ,j I' = A, ¢ and Fg4,, ) ¥, ' = A as follows:

=AY ¢,I'=A
r=AA
I'=A

Lem. 11
(Contr)

Theorem 4. G4p 4]] is sound and complete for DS4p 4.

13



Proof. For soundness, it suffices to check that each rule of G4p 4[] is valid in DS4p 4; for completeness, that each
axiom of the Hilbert-style axiomatisation Tab. 5 is derivable in G4p 4[] and that each rule is admissible. Modus
ponens (MP) follows from Thm. 3. For the axioms we only show the derivations of (redD) and (redK); all other
case are analogous.

Case (redD): We have

éLem. 5 gLem. 5 ) )
1 = h1,he Y1, = P (L>) :Lem. 5 :Lem. 5
1 D o, Y1 = o (LR[]), Lem. 7 [Wpr = [u]er, ufbe  [ufehr, [u]the = [u]ie (L)
[u](1 D ), [u|hr = [ufths RD), ' (U], [u]vr D [u]vpe = [u]tpe R]D)
[u](v1 D ¢2) = [ult1 D [u]yhs [l D [ufthe = [u](¥1 D 12) (Rs)
= [u](¥1 D ¥2) <> ([u] D [ulye)
Case (redK): We have
MK(ﬂp = u>D /\q’eF(u)a Ka[u : ‘I’]w u> /\q’EF(u)a Ka[u : q/]/(/) = [H]Kail)
. ; (Re)
= [u]Ka 1/’ <UD /\q/eF(u)a Ka[u - q }l/)
with %, given by
§Lem. 5
gLem. 5 ('u, (Kgfu- q/W)q’E}‘“(u)a = K, fu- q]w)qEF(u)a (RA)*
w= Ay epay, Ko @10 u (Kfu- d10)gerw). = Nper), Kol d'lv (LK)
'uv [u}Ka 1/) = /\q/eF(u)a Ka[u : q/WJ (RD)
[u]Ka T/’ ='udD /\q’eF(u)a Ka[u : q/]w
where (RA)T denotes iterated application of (RA), and * is given by
gLem. 5
Lem 5 ('u, (Ka[u : q/]w)q/EF(u)a = Ka[u : (I]1/))qu(u)a (L/\)+
('u = u, Ka[u : Q]w)qu(u)a ('ua /\q’EF(u)a Ka[u ' q/W = Ka[u ' Q]w>q€F(u)a (LD)
(4D Ager, Kalu- a7 = Kol av) iy, (R[K)
UD Ayera, Kalu- ¢l = [ulK, v
where (LA)™ denotes iterated application of (LA). O

4 Conclusions

We presented the novel ordinary Gentzen-type calculus G4 p 4[] for Dynamic Epistemic Logic. The special feature
of G4 p 4[] is that — instead of internalising the accessibility relation — the rules for the action modality correspond
to the reduction rules in [26, 5]. The main results of this work are the admissibility of the cut rule and the
completeness of the calculus.

Currently, G4p, 4l is based on S4 modal logic. In the future, we want to extend our calculus to S5 and to
include rules for general knowledge and with further action combinators like selection and iteration. We also want
to integrate the calculus into a systematic software development approach for collective adaptive systems [45].

Acknowledgements. We thank the anonymous reviewers for their critical evaluations and their constructive
comments. In particular, our thanks go to one of the reviewers for suggesting simplifications of some of our proof
rules. We also thank Rolf Hennicker for constructive and helpful discussions on dynamic epistemic logic.

14



References

[1] Jan Plaza. Logics of public communications. In M. L. Emrich, M. S. Pfeifer, Mirsad Hadzikadic, and
Zbigniew W. Ras, editors, Proc. 4™ Intl. Symp. Methodologies for Intelligent Systems (ISMIS): Poster Session
Program, pages 201-216. Oak Ridge National Laboratory, ORNL/DSRD-24, 1989.

[2] Jan Plaza. Logics of public communications. Synthese, 158(2):165-179, 2007.

[3] Alexandru Baltag, Lawrence S. Moss, and Slawomir Solecki. The logic of public announcements and common
knowledge and private suspicions. In Itzhak Gilboa, editor, Proc. 7" Conf. Theoretical Aspects of Rationality
and Knowledge (TARK 1998), pages 43-56. Morgan Kaufmann, 1998.

[4] Jelle D. Gerbrandy. Bisimulations on Planet Kripke. PhD thesis, University of Amsterdam, 1998.

[5] Hans van Ditmarsch, Wiebe van der Hoek, and Barteld Kooi. Dynamic Epistemic Logic, volume 337 of
Synthese Library. Springer, 2008.

[6] Philippe Balbiani, Hans van Ditmarsch, Andreas Herzig, and Tiago de Lima. Tableaux for public announcement
logic. J. Log. Comput., 20(1):55-76, 2010.

[7] Jens Ulrik Hansen. Terminating tableaux for dynamic epistemic logics. In Thomas Boland and Torban
Braiiner, editors, Proc. 6™ Ws. Methods for Modalities (M4M), volume 262 of Electron. Notes Theor. Comput.
Sci., pages 141-156, 2010.

[8] Guillaume Aucher, Bastien Maubert, and Frangois Schwarzentruber. Generalized DEL-sequents. In
Luis Farinas del Cerro, Andreas Herzig, and Jérdbme Mengin, editors, Proc. 1 3th Europ. Conf. Logics in
Artificial Intelligence (JELIA), volume 7519 of Lect. Notes Comp. Sci., pages 54—66. Springer, 2012.

[9] Sabine Frittella, Giuseppe Greco, Alexander Kurz, Alessandra Palmigiano, and Vlasta Sikimic. Multi-type
display calculus for dynamic epistemic logic. J. Log. Comput., 26(6):2017-2065, 2016.

[10] Sabine Frittella, Giuseppe Greco, Alexander Kurz, Alessandra Palmigiano, and Vlasta Sikimic. A proof-
theoretic semantic analysis of dynamic epistemic logic. J. Log. Comput., 26(6):1961-2015, 2016.

[11] Alexandru Baltag, Bob Coecke, and Mehrnoosh Sadrzadeh. Algebra and sequent calculus for epistemic
actions. In Wiebe van der Hoek, Alessio Lomuscio, Erik de Vink, and Michael Wooldridge, editors, Proc.
2™ Intl. Ws. Logic and Communication in Multi-Agent Systems 2004, volume 126 of Electron. Notes Theor.
Comput. Sci., pages 27-52, 2005.

[12] Roy Dyckhoft and Mehrnoosh Sadrzadeh. A cut-free sequent calculus for algebraic dynamic epistemic logic.
Tech. Report CS-RR-10-11, Oxford University Computing Laboratory, 2011.

[13] Torben Braiiner. A cut-free Gentzen formulation of the modal logic S5. Log. J. IGPL, 8(5):629-643, 2000.
[14] Francesca Poggiolesi. A cut-free simple sequent calculus for modal logic S5. Rev. Symb. Log., 1(1):3-15, 2008.
[15] Kosta DoSen. Sequent-systems and groupoid models I. Studia Logica, 47, 1988.

[16] Heinrich Wansing. Sequent systems for modal logics. In Dov M. Gabbay and Franz Guenthner, editors,
Handbook of Philosophical Logic, volume 8, pages 61-145. Springer, 2002.

[17] Sara Negri. Proof theory for modal logic. Philosophy Compass, 6(8):523-538, 2011.
[18] Kai Briinnler. Deep sequent systems for modal logic. Arch. Math. Log., 48(6):551-577, 2009.
[19] Sara Negri. Proof analysis in modal logic. J. Philos. Log., 34(5-6):507-544, 2005.

[20] Paolo Maffezioli and Sara Negri. A proof-theoretical perspective on public announcement logic. Logic &
Philosophy of Science, 1X(1):49-59, 2011.

[21] Philippe Balbiani, Vincent Demange, and Didier Galmiche. A sequent calculus with labels for PAL, 2014.
Presented at the 10" Conf. Advances in Modal Logic (AiML 2014).

[22] Shoshin Nomura, Katsuhiko Sano, and Satoshi Tojo. A labelled sequent calculus for intuitionistic public
announcement logic. In Martin Davis, Ansgar Fehnker, Annabelle Mclver, and Andrei Voronkov, editors,
Proc. 20" Intl. Conf. Logic for Programming, Artificial Intelligence, and Reasoning (LPAR-20), volume 9450
of Lect. Notes Comp. Sci., pages 187-202. Springer, 2015.

15



[23] Philippe Balbiani and Didier Galmiche. About intuitionistic public announcement logic. In Lev D. Beklemisheyv,
Stéphane Demri, and Andras Maté, editors, Advances in Modal Logic 11, pages 97—-116. College Publ., 2016.

[24] Shoshin Nomura, Hiroakira Ono, and Katsuhiko Sano. A cut-free labelled sequent calculus for dynamic
epistemic logic. In Sergei N. Artémov and Anil Nerode, editors, Proc. Intl. Symp. Logical Foundations of
Computer Science (LFCS 2016), volume 9537 of Lect. Notes Comp. Sci., pages 283-298. Springer, 2016.

[25] Shoshin Nomura, Hiroakira Ono, and Katsuhiko Sano. A cut-free labelled sequent calculus for dynamic
epistemic logic. J. Log. Comput., 30(1):321-348, 2020.

[26] Alexandru Baltag and Bryan Renne. Dynamic Epistemic Logic. In Edward N. Zalta, editor, The Stanford
Encyclopedia of Philosophy. Metaphysics Research Lab, Stanford University, Winter 2016 edition, 2016.

[27] Hao Wu, Hans van Ditmarsch, and Jinsheng Chen. A labelled sequent calculus for public announcement logic,
2022.

[28] Luis Mandel, Martin Wirsing, and John N. Crossley. Calculo lambda de primer orden con constraints y la
propiedad church-rosser. In Proc. 29 Ws. Aspectos Te6ricos de la Inteligencia Artificial, 1996.

[29] John N. Crossley, Luis Mandel, and Martin Wirsing. First-order constrained lambda calculus. In Franz Baader
and Klaus U. Schulz, editors, Proc. I*' Intl. Ws. Frontiers of Combining Systems (FroCoS 1996), volume 3 of
Applied Logic Series, pages 339-356. Kluwer Academic Publishers, 1996.

[30] Matthias M. Holzl and John N. Crossley. Constraint-lambda calculi. In Alessandro Armando, editor, Proc.
4™ Intl. Ws. Frontiers of Combining Systems (FroCoS 2002), volume 2309 of Lect. Notes Comp. Sci., pages
207-221. Springer, 2002.

[31] Matthias M. Holzl and John N. Crossley. Disjunctive constraint lambda calculi. In Geoff Sutcliffe and Andrei
Voronkov, editors, Proc. 12" Intl. Conf. Logic for Programming, Artificial Intelligence, and Reasoning (LPAR
2005), volume 3835 of Lect. Notes Comp. Sci., pages 64—78. Springer, 2005.

[32] Luis Mandel. Constrained Lambda Calculus. PhD thesis, Ludwig-Maximilians-Universitit Miinchen,
Germany, 1995.

[33] Matthias M. Holzl. Constraint-lambda Calculi: Theory and Applications. PhD thesis, Ludwig-Maximilians-
Universitidt Miinchen, Germany, 2001.

[34] Martin Wirsing, John N. Crossley, and Hannes Peterreins. Proof normalization of structured algebraic
specifications is convergent. In José Luiz Fiadeiro, editor, Sel. Papers 1 3™ Intl. Ws. Recent Trends in Algebraic
Development Techniques (WADT 1998), volume 1589 of Lect. Notes Comp. Sci., pages 326—340. Springer, 1998.

[35] John N. Crossley, Iman H. Poernomo, and Martin Wirsing. Extraction of structured programs from specification
proofs. In Didier Bert, Christine Choppy, and Peter D. Mosses, editors, Sel. Papers 14™ Intl. Ws. Recent
Trends in Algebraic Development Techniques (WADT 1999), volume 1827 of Lect. Notes Comp. Sci., pages
419-437. Springer, 1999.

[36] Iman H. Poernomo, John N. Crossley, and Martin Wirsing. Programs, proofs and parametrized specifications.
In Maura Cerioli and Gianna Reggio, editors, Sel. Papers 15" Intl. Ws. Recent Trends in Algebraic Development
Techniques (WADT 2001 ), volume 2267 of Lect. Notes Comp. Sci., pages 280-304. Springer, 2001.

[37] Iman H. Poernomo, Martin Wirsing, and John N. Crossley. Adapting Proofs-as-Programs — The Curry-
Howard Protocol. Monographs in Computer Science. Springer, 2005.

[38] Pietro Cenciarelli, Alexander Knapp, Bernhard Reus, and Martin Wirsing. From sequential to multi-threaded
java: An event-based operational semantics. In Michael Johnson, editor, Proc. 6" Intl. Conf. Algebraic
Methodology and Software Technology (AMAST 1997), volume 1349 of Lect. Notes Comp. Sci., pages 75-90.
Springer, 1997.

[39] Alexander Knapp, Stephan Merz, Martin Wirsing, and Juilia Zappe. Specification and refinement of mobile
systems in MTLA and mobile UML. Theor. Comput. Sci., 351(2):184-202, 2006.

[40] Alexander Knapp. A formal approach to object-oriented software engineering. PhD thesis, Ludwig-
Maximilians-Universitit Miinchen, Germany, 2000.

[41] Raul Hakli and Sara Negri. Does the deduction theorem fail for modal logic? Synthese, 187:849-867, 2012.

16



[42] Masao Ohnishi and Kazuo Matsumoto. Gentzen method in modal calculi. Osaka Math. J., 9:113-130, 1957.

[43] Hiroakira Ono. Proof-theoretic methods in nonclassical logic — an introduction. In Masako Takahashi,
Mitsuhiro Okada, and Mariangiola Dezani-Ciancaglini, editors, Theories of Types and Proofs, volume 2 of
Math. Soc. Japan Memoirs, page 207-254. Math. Soc. Japan, 1998.

[44] Sara Negri and Jan von Plato. Structural proof theory. Cambridge University Press, 2001.

[45] Rolf Hennicker, Alexander Knapp, and Martin Wirsing. Epistemic ensembles. In Proc. 11™ Intl. Symp.
Leveraging Applications of Formal Methods, Verification and Validation (ISoLA 2022), Lect. Notes Comp.
Sci., 2022, to appear.

Lemma 12. Forallp € P, ,11,12 € Up 4, u,u1,us € Up 4, and g € Q(u) it holds that

. rk([u]lp) > rk('u D p)

1 rk([u]

2. 7k([u)(¥1 D a)) > rh([ulthr D [uliba)
3. rk([uK, )> rk(u D K, [u]y)

4. rk([u]

5. k(]

=

k(UK ) > K, [u- gy
(uﬂ[uQ] ) > 7k ([u1; ugly))

Proof. (1) 7k([u]p) = (4 + rk(w)) - rk(p) = 4 + rk(u) >
14 7k('u) =1+ max{rk('u),rk(p)} = rk(u D p)

@) rk([u)(¢1 D 2)) = (4 + rk(w)) - k(1 D ¥2) = (4 + rk(u)) - (1 4+ max{rk(¢r), rk(12)})
1+ max{(4 + rk(u)) - 7k (¢1), (4 + rk(u)) - k() } = 1+ max{rk([u)ir), rk([u]¢2)}
rk([uer O [u]ea)

() rk([WK, ¥) = (4 + rk(w)) - k(K ¢) = (4 + 7k (w)) - (1 + 7k (9)) >
1+ max{rk(u),1+ (4 + rk(u)) - 7k(¢)} = 1 + max{rk('u),1 + rk([u]y)} =

1+ max{rk(w), rk(K,[u]y)} = rk(u > K, [u¢)

) rk (WK, ) = (44 rk(w)) - rk(K, ¥) = (4 + rk(w)) - (1 + rk(¢)) >
L+ (44 rk(u-q) - k() = 1+ rk([u- gltp) = rk(K,[u - q]¢)
) rk(fw][u]y) = (4 + rk(u1)) - rh([u2]p) = (44 rk(w1)) - (4 + rk(u2)) - 7h(¥) >
(4414 max{rk(uy), (4 + rk(uq)) - rk(ug)}) - rk(¢p) =
(4+14max ({rk("(w-q1)) | @1 € Q(w1)} U
{(4+rk(ur-q)) - rk( (2 g2))} | @1 € Q(w), g2 € Qu2)})) - Tk (y) =
(4 + max{1 + max{rk( (u1 - q1)),
(4+rk(ur-q1)) - mh((u2-g2))} [ @1 € Q(u1), g2 € Qu2)}) - Tk (Y) =
(4 + max{1 + max{rk("(u1 - q1)), 7k([u1 - 1] (U2 - @2))} | @1 € Q(u1), g2 € Q(u2)}) - Tk(¢) =
(4 + max{rk("(u1 - q1) A [111 ~q1] (w2 q2)) [ @1 € Q(w1),q2 € Q(u2)}) - Tk (Y) =
(44 max{rk("((u1 - q1); (u2 - @2))) | @1 € Q(u1), g2 € Q(uz)}) - Th(v) =
(4 + max{rk(" ((w1;u2) - (41,42))) | (q1,42) € Qursu2)}) - rk(¢h) =
( ) k() = rh(fur; ua]y) O

>

4+ rk(ul,ug)
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